EQUIVALENCE OF MARKOV PROCESSES(*)

BY
DONALD A. DAWSON

1. Introduction. The question of the measure theoretic equivalence of one
stochastic process with respect to another has been studied in several contexts.
For example, A. V. Skorokhod [16], [17] has considered the equivalence of Markov
processes defined by means of stochastic differential equations, L. A. Shepp [15]
has obtained criteria for the equivalence of Gaussian processes and the Wiener
process, and E. B. Dynkin [7] has obtained a global criterion for the absolute
continuity of one Markov process with respect to another in terms of multiplicative
functionals.

In this paper we investigate the equivalence of Hunt processes from a local
point of view. After introducing the basic notation and definitions in §2 we discuss
three special cases in §3 which motivate and illustrate the general theory which is
to be developed. In §4 a class of martingales is associated with a Markov process;
this leads to the proof of an extended Markov property in §5. The extended Markov
property is central in proving our results on the equivalence of Hunt processes.
§86 and 7 are concerned with certain technical results which lead to the statement
and proof of the main results in §§8 and 9. In §8 it is shown that if two Hunt
processes arising from Feller semigroups are not equivalent then at least one of
four basic types of singularity must occur. The four basic types of singularity are:
singularity on the germ field, singularity on the tail field, local singularity at a
stopping time and jump singularity at a stopping time. §9 contains a deeper study
of local singularities. In particular, if the processes have the additional property
which we call local smoothness then the existence of local singularities at a stopping
time is equivalent to the existence of singularities on the germ field. Finally, in
§10 the property of local smoothness is characterized in potential theoretic terms.

The author would like to thank Professer P. A. Meyer and an anonymous
referee for several very useful comments.

2. Notation and definitions. In this section we introduce the basic notation and
review the important definitions. For a more complete discussion of the standard
material refer to E. B. Dynkin [7] and P. A. Meyer [13]. A summary of the basic
definitions in the theory of Markov processes is also found in R. K. Getoor [8].
Basic results of measure theory are often used without explicit reference; such
material is found in the basic texts of J. Neveu [14] and P. R. Halmos [9].
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2.1. The state space. Let (E, &) be a measurable space such that E is a locally
compact separable metric space with metric p(- , -) and & is the o-field of Borel
subsets of E. Note that each open subset and each closed subset in such a space is a
countable union of compact sets. Hence every set in the algebra generated by the
open (or compact) subsets is the countable union of compacts. Moreover all finite
Borel measures are inner regular. Let A be the point at infinity if E is not compact
or an isolated point if E is compact. Let E,=F U {A} and &, be the o-field of Borel
subsets of E,.

2.2. The basic measure space. Let Q be the set of all functions, «(-), from [0, co]
to E, which are right continuous, have left-hand limits on [0, c0), have the property
that if w(t)=A, then w(s)=A for all s=¢, and satisfy w(co)=A. w, represents the
element of Q defined by w,(t)= A for all ¢ € [0, o). If w € Q, the mapping ¢~ Xy(w)
= X(t, w)=w(?) is called the path of w. For t € [0, ), X; (w)=lim,» X (w). For
te[0, 0] let &% be the o-field of subsets of Q generated by sets of the form
{w: X(w)eT} with s€[0,¢] and T'e &, and for t€ [0, ) let H,=(\s>: F
Mo =F,. M, is known as the germ field.

ProPosITION 2.2.1. For any s € [0, 0], & is generated by a countable algebra of
sets.

Proof. Let </ be the algebra of subsets of E generated by sets of the form
{w : X,(w) € '} with r a rational in [0, s] and T; an element of the countable base
{T,:j=1,2,3,...} of open sets for E. It suffices to show that a set of the form
{w : X,(w) € T} with r an irrational number in [0, 5] and I'" an open subset of E is
contained in o(%%), the o-field generated by 4. But the right continuity of the
paths implies that
.2.1) {w: X(w)eT} = ,g« nL=Jl kon {w: X, (0)eT}
where {r,} is a sequence of rationals which decrease to rand # ={j : I';=T'}. Since
Uses U=t Ntz {w & X, (w) € T';} € o(s4), the proof is complete.

A mapping T: Q — [0, o] is a stopping time with respect to the o-fields (A ;);c(0, »1
if for every t € [0, ], {T<t} e A, If T is a stopping time, then .#; denotes the
sub-o-field of sets 4 € Z, such that A N {T' <t} € A, for every t € [0, 0].

If {(w)=inf{t : X(w)=A}, then { is a stopping time and is called the lifetime
of the path.

If the mapping Y(-, -): ([0, t]1x Q, Bio.nX M) — (F, F) where (F,F) is a
measurable space and % ;; is the o-field of Borel subsets of [0, ] is measurable for
every t € [0, o0), then the stochastic process Y(-,-) is said to be progressively
measurable.

PRroPOSITION 2.2.2. (i) X (w) is a progressively measurable stochastic process.
(ii) If T is a stopping time, then Xy is M -measurable.

Proof. See P. A. Meyer [13, Chapter 4, §3].
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2.3. Definition of a Markov process. The system 7=(Q, Fo, (Px)xeesr (Xtet0, 1)
is a strong Markov process with respect to the o-fields (#)se(0,; if'

(2.3.1) P.(Xo=x)=1 for each x € E,,

(2.3.2) the mapping x~> P,(A) is &,-measurable for 4 € Z,, and

(2.3.3) for any stopping time T, I' € &, and s € [0, o0),

P(Xris€ | Mp) = Pyrf(X;€T),

P,-almost surely for each x € E,.

E, denotes the expectation with respect to the measure P,. The Markov process
is said to be continuous if the paths are continuous on [0, {), P,-almost surely for
each x € E. It is said to be uninterrupted if for every x € E, P,({=00)=1.

2.4. The semigroup. Given an & ,-measurable bounded function, f, let

RS = [fIPLX e ).

Co(E,) designates the set of continuous functions, f; on E, such that lim,_, f(»)=0
and f(A)=0. The semigroup {P; : t=0} is a Feller semigroup if:

(2.4.1) for every function f'€ Co(E,) and t>0, P, f € Co(E,), and

(2.4.2) for every function f'€ Co(E,), |P.f—f| — 0 as t — 0 where

lell = sup{le(x)| : x e E}.

The following result is well known.

PROPOSITION 2.4.1. If {P, : t=0} is a Feller semigroup, then
(i) if fe Co(EL,), Py f(x) is jointly continuous in t and x on [0, 0) x E,, and
(ii) P({=0)=0 for each x € E.

2.5. Definition of a Hunt process. The strong Markov process = is said to be
quasi-left continuous if for any increasing sequence of stopping times {7} with
limit 7, X(T,) - X(T), P,-almost surely on {T < oo} for each xe€ E. A strong
Markov process as described in 2.3 which is quasi-left continuous is known as a
Hunt process. In the remainder of this paper the term Hunt process refers to a
quasi-left continuous strong Markov process in the canonical form described in
2.2 and 2.3 with a Feller semigroup.

2.6. The translation operators. For t € [0, 0o] the translation operator 8,: Q — Q is
defined by

(bw)(s) = w(s+1), t < oo,
0w = w, for every w.
If T: Q — [0, 00] is a stopping time, 6;: Q — Q is defined by
(6rw) = Or)(w).

It is easy to verify the following result (cf. P. Courrége and P. Priouret [5] and
E. B. Dynkin [7)).
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ProrosiTION 2.6.1. (i) 6,: (Q, £, ) — (Q, &) is measurable, that is, 0; *F,<F, ,

(i) 6,: (Q, A, ) — (Q, M) is measurable, that is, 07 * M <M, .

(i) If T is a stopping time, 0;:(Q, My.;) — (Q, F) is measurable, that is,
07 F My, Also 07 M <My,

2.7. The zero-one law. The following zero-one law is well known.

PROPOSITION 2.7.1. If (Q, Fi, (Px)xerys (Xihiero, 1) is a strong Markov process
with respect to the o-fields (M )ier0, 7 and A € M, then for each x € E,, P.(A) is
either zero or one.

Proof. Refer to E. B. Dynkin [7, Theorem 3.1]. It should also be noted that two
zero-one measures on a o-field which are equivalent are in fact identical.

2.8. The completed o-fields. For any finite measure pu on (E,, &), P, is a measure
on (Q, #,) defined by P,(4)= [ P.(A)u(dx). £Z is defined to be the intersection of
all the P -comp]etlons of #,. Each measure P, can be extended to #Z2. If ¥ is a
sub-o-field of Z,, @7 is defined to be such that 4 € 7 if for each  there exists a
set A, € 4 such that A— A4, and 4,— A4 are in £ and P,(A—A4,)=P,(4,—A)=0.
It can be shown that = is also a strong Markov process with respect to the o-fields
(./it Veeto, 3 (E- B. Dynkin [7, Theorem 3.12]). In the literature it is customary to
replace the o-fields (.//{,)ts[o ©] DY (./l, )icro, »3- However, since if 7; and =, are not
equivalent M7 and 72 need not be identical, we avoid this convention unless it
is explicitly stated to the contrary. However the following result is very useful.

PROPOSITION 2.8.1. Let T be an (M. Dieto, o -Stopping time. Then for each y there is
a (M )ier0, o -Stopping time T* such that P,(T # T*)=0.

Proof. Refer to E. B. Dynkin [7, Lemma 3.4].
If T is an &-measurable set and

Tr = inf{t : X(w)eT}if{t: X(w)eT'} # &,
400 otherwise,

then Tt is an (./l?i‘),e[o,w]-stopping time (P. A. Meyer [13, Chapter 4, T 52]. Note
that if T' is compact, then X7 € I" on {Tr <o} and if T# is an (A )0, »-StOpping
time such that P,(Tr#T#)=0, then Xz € I, P,-almost surely on {Tf <oo}.

2.9. Classification of stopping times. Let us briefly review P. A. Meyer’s classifi-
cation of stopping times [12], [13]. Let = be a Hunt process. A stopping time T is
said to be totally inaccessible in the weak sense at x, on a set 4, x, € E, A € F,, if
for every increasing sequence {T},} of stopping times which converge to T,

(2.9.1) P, (T, <T foralln, T<oo}NA4)=

A stopping time T is said to be accessible at x, on a set A4, x, € E, A € %, if there
is an increasing sequence of stopping times {7, }, with T, < T for all n, and such that

(2.9.2) imT,=T

n—o
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P, -almost surely on 4, and

(2.9.3) T,<T foralln,

P, -almost surely on 4 N {T>0}. Note that every stopping time T is accessible on
{T=o0}. The definitions are usually stated in terms of (J/?i’),e[o,w]-stopping times.
However in view of Proposition 2.8.1 this difference is inconsequential. The
following result is of great importance.

PROPOSITION 2.9.1. The stopping time T is accessible at x, on A if and only if
t ~> X, is continuous at T, P, -almost surely on A N {T < oo}.

Proof. Refer to P. A. Meyer [12].

2.10. The definitions of equivalence. In the sequel m; =(Q, Fo, (P3)xerss (Xiero, 1)
and 7y =(Q, o, (P xerss (Xi)er0, 1) designate a pair of Hunt processes. 7; and
7, are said to be equivalent if for each x € E, and 4 € #,,, PX(A)=0 if and only if
P2(4)=0. , and =, are equivalent in finite time if for each x € E,, t <o and 4 € #,,
A<{l{>1t}, PX(4)=0 if and only if P2(4)=0; if this is true even if A¢{{>1t}, m,
and =, are strongly equivalent in finite time. A set A € %, such that P(4)=0,
P2(4)>0 is said to be a (my, 75, x)-singularity.

3. Three examples.

EXAMPLE 1. Let 7=(Q, Zo, (Px)xcrs> (Xihiero, »1) be the standard one-dimensional
Brownian motion. Let m; =(Q, %o, (Px)xers> (XDiero, ») and ma=(Q, Fo, (P2)sek,>
(XYter0, o) be a pair of one-dimensional continuous strong Markov processes
represented in the canonical form of 2.3 which are induced by the solutions of the
stochastic integral equations:

3.0) X,0) = X,0)+ f ay(Xy(s)) ds+ j o1(Xy(s)) dX(s),
and
(3.2) X)) = X000+ [ o) ds+ [} esttton axe)

where the stochastic integrals are evaluated with respect to the Brownian motion.
In order to insure existence and uniqueness we also assume that

(3.3) a(:) and o(:), i=1,2, are continuous and oy(-) >0, i=12,
and

there exists a constant X > 0 such that
(@:(0))%+ (a2(x))? + (02(x))? + (02(x))* < K(1+x?).

In the terminology of K. Ité6 and H. P. McKean [11], the solutions X;(¢) and
X,() are nonstandard descriptions of =, and =,.
A. V. Skorokhod [16], [17] has shown that =, and =, are strongly equivalent in

34
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finite time to the continuous strong Markov processes 73 and =, which are induced
by the unique solutions of the stochastic integral equations

(3.5) X0 = %0+ [ 0,(Xs(5) dX©),
and
(3.6) X,(t) = X,0)+ j oa(Xu(s)) dX(s)

respectively. A result originally due to V. A. Volkonskii (refer to K. It6 and H. P.
McKean [11]) states that nonstandard descriptions of w3 and =, are

Xi(s) = X(fi7(s1)), i=3,4,
where s;=fi(t, w), i=3, 4, are the additive functionals defined by

t
fo(t, ) = J: o1 %(X(s,0))ds and f(t, w) = fo o3 3(X(s, w)) ds

where X(s) represents the standard Brownian motion. In particular this implies
that for any real number a

. X(t)—xo )
{ -_ = =
P, (lim sup ¢ 1o Tog 17y = 9) = !
if and only if
mowp 2UCO5 )y
P (lim sup oo e = @) = b =34

ProrosiTION 3.1.

. X(@)—x
PL, (hm sup °

18P Grlog log /)72 °‘("°)) =L =34

Proof. Recall that the classical law of the iterated logarithm for Brownian
motion states that

. X(s)—xo _ )_
P"°(hn};sgl P @sToglog 1/s)2 = 1)=1

Hence it suffices to show that if w, is such that

X(s, wo)—Xo

D " Tloglog Tl ~
then
-1 —
(.8) lim sup TG @D =Xo _ 0 34

tio = (2tloglog 1/t)t/2
Because of the right continuity of paths, (3.8) is equivalent to

lim su X(t, o) —Xo
1o P 251, wg) log log 15,7, wg)™

3.9 = ay(xo), i=34
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Hence we must show that for 1>¢>0,

(3.10) X(t, wo)—xo > ay(x0)(1 — £)(25,(¢, wo) log log 1/si(t, wo))*'?
for arbitrarily small ¢, and
(3.11) X(t, wo) —xo < oy(xo)(1+£)(2s,(t, wo) log log 1/s(2, wo))*'?

for all sufficiently small 2. We prove (3.10), (3.11) is proved in an analogous manner.
Because of (3.7) we can assume that for arbitrarily small values of ¢,

(3.12) X(t, wo)—xo > (1—¢/2)(2t log log 1/t)'2,
Hence it suffices to show that for any p satisfying 1> p>0,

im (2t log log 1/1)/2
tio (25(2, wo) log log 1/s,(2, wo))*?

For 0<7, < 1/a2(x,) let #, be chosen so that for 1< ¢,
o7 2(X(s:(t, wo))) =07 (x0)| < miy,  i=3,4
But then if t S to, 0 < t/o2(xo) — it S 5i(t, wo) S t/oP(x,) +m;t. But then

im (2t log log 1/t)2
t10 (25,2, wo) log log 1/s,(2, w,))*/?

(2t log log 1/t)¥/2

2 ay(xo)(1—-p), i=34

2 i o Gea) + i) log log (L (T2 ea) — T )™

_ ai(xo) . log log 1/t 12

= Tl i (log Tog l/t(l/of(xo)—no)
U‘(xo) i= 3, 4,

~ @TFnoflro)™
= (1-p)o(x,)  if ny, (i = 3, 4), are chosen to be sufficiently small.

The last limit indicated above is found by a double application of De I’Hépital’s
rule. Hence (3.10) follows and the proof is complete.

COROLLARY. m, and m, are equivalent in finite time if and only if they are instan-
taneously equivalent.

Proof. Since
_X(@)-x0©0) _ }
{lmtl;%up Qtloglog 1/ty 2 ~ ¢ €Ho,

the proposition implies that if =, and =, are instantaneously equivalent, then
o;(x)=0y(x) for all x. On the other hand if o;(x)=o0,(x) for all x € E, then the
results of A. V. Skorokhod imply that 7, and =, are strongly equivalent in finite
time.

REMARKS. 3.1. It can be shown that if a,(x)= ay(x)+ ¢ for all x € E where cis a
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constant, then 7; and =, are not equivalent on %, even when o,(x)=o0,(x) for all
xeE.

3.2. In the above proposition it is shown that for a one-dimensional diffusion
the measures restricted to the germ fields actually determine the diffusive part of
the infinitesimal generator and thus determine the equivalence class (in finite time)
of the process. However the extension of this result to higher dimensions has not
yet been established. Nevertheless one would expect the extension to be valid and
our results on equivalence lend support to this supposition.

The following two examples show that instantaneous equivalence does not always
imply equivalence in finite time and illustrate two of the types of singularities
which are discussed in §8.

EXAMPLE 2. An example of a pair of strong Markov processes which are
instantaneously equivalent but not equivalent in finite time is furnished by the
pair of deterministic processes:

(3.13) X.(t) = X10) + ¢,
and
(3.14) Xo(t) = X,5(0)+t—n(t+ X,(0)) +n(X,(0)),

where n(t) designates the greatest integer less than or equal to . Note that the second
process defined by (3.14) is not quasi-left continuous.

EXAMPLE 3. Let 7=(Q, o, (Px)xers> (Xthicro,»1) be a Hunt process such that
for some x, € Eand #,<00, P, ({ <) >0. Let E5 »-=E U {A} U {A’} where A’ is an
isolated point and A’ ¢ E U {A}. Let Q' be the set of right continuous functions,
w(+), from [0, c0] to E, ,- such that:

(3.15) w(-) has left-hand limits on [0, o0),

(3.16) ifw() =4, then w(s)=A foralls = ¢,
3.17) ifw(t) =A', then w(s)=A" foralls=1¢ and
(3.18) w(o) e {A} U {A'}.

Let #; be the o-field generated by the random variables (X)e0,»;- The measures
(P.)xce can be extended to (Q', #;) by defining PX(4)=P.(4 N Q) for 4 F,.
Let m =(Q', Zo, (P xeks.n» (Xoter0,01)- Let ®: Q" — Q' be defined by:

D(w)(s) = w(s) if w(s)EE,

D(w)(s) = A’ if w(s) = A,
and

D(w)(s) = A if w(s) = A’
For A€ Z,, let PYA)=Py(® 1 (4)) and let my=(Q', Z5, (P2)xey.n» (Xicto, -
Then =, and =, are instantaneously equivalent and even equivalent in finite time.

However they are not strongly equivalent in finite time, in fact P; (X, =A)>0,
P2,(X,,=2)=0.
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4. The stochastic processes Y,(7, -). In this section we assign to each Hunt
process m=(Q, Fo, (Px)xerss (XDiero, »1) and set 4 € Z, a stochastic process Y (¢, -).
These processes are introduced in order to formulate an extended Markov property
in §5. The extended Markov property implies that Y,(¢, -) is for each x€ E, a
version of the martingale P,(A4|4,).

Before introducing the processes Y,4(, -) it is necessary to review some useful
notation and results due to P. Courrége and P. Priouret [S]. If H: Q — [0, o0] is
measurable, an equivalence relation Ry on Q is defined by:

w ~ w'(Ry) if and only if H(w) = H(»") and
X(w) = X{(w') for all s £ H(w).

A second equivalence relation Ry, is defined by:
w~w'(Ry,) if and only if H(w)=H(w') and there exists an ¢>0 such that
X(w)= X" for all s< H(w)+e.

PROPOSITION 4.1. (i) & is the sub-o-field of sets of F., which are saturated for R,.

(ii) A, is the sub-o-field of sets of ., saturated for R, .

(i) If T is an (M ,)-stopping time, then M r is the sub-o-field of sets of ., saturated
for Ry ..

The following version of Galmarino’s lemma will also be required.

PRrROPOSITION 4.2. In order that T: Q — [0, ©] be an (M )-stopping time it is
necessary and sufficient that T be %.-measurable and that for each t € [0, o],
weQ, w e Q, T(w)<t and o'~ w(Ry) implies that T(w")=T(w).

Proof. Refer to P. Courrége and P. Priouret [5].
Let A € #, and w € Q. Then for ¢ € [0, ),

@.1) A4t 0) = {0 o' €4, 0 ~ w(R)),
and

4.2 A(t, w) = 0,41, 0) = {00’ : &' € A*(t, w)}
and for t=o00,

4.3) A0, w) = @ ifwé¢Ad,

and

A(0, w) = {w,}  ifwe A
The fact that A(t, w) € &, is verified in the following proposition.

PROPOSITION 4.3. (i) If A € & and t<s, then for each w € Q, A(t, w) € % _,.
(i) (U2, 4)(¢, w)=U2, Ai(t, w) for each » € Q.

@i11) (N1 4)(t, w)=N21 Ai(t, w) for each w € Q.

@iv) A%(t, w)=(A(t, w))° N {o’ : Xy(w')= Xy (w)} for each w € Q.
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Proof.

(i) (Uz1 4)(t, @)= 0[(Uiz1 4)*(@, @)] = 0{UiZ, AF(E, )] = UL, 6,45, »)
= Uio?—'l Ai(t9 w)'

(i) (N2 1 4)(, @)=0[(NiZ1 4)*( w)] = 6[NiZ1 AFE, )] = NZ16:45(t, w)
= mizl Ai(t, w).

(iv) A°(t, w)=0,(A%(t, w))=O,[(A*(t, w))° N {0’ : Xw)=X(w)}]=(4(t, @))° N
{o': Xo(o) = Xy(w)}

To prove (i) it thus suffices to show that A(¢, w) € % _, when

A ={v: Xy w) e, Xy(w) e I'y, Xy(w) € s}

where I'y, 'y, I'; are in & and v<t<u<s. But then

A(l, ) = {0 Xo(o) = Xfw), Xy_((0)els}  if Xy(w)e D'y, x(w)e Ty,

=g if X, (w)¢T; or Xy(w) ¢ I's.

Hence A(t, w) € % _, and the proof is complete.
For A € #, and Hunt process m=(Q, %, (P.)xer,> (Xi)iero0,»7) the real-valued
stochastic process (Q, Zo, (Ps)xerss (Ya(t)tewo, ) is defined as follows:

(4.4) YA(t, w) = PX(t.w)(A(t9 w)) fOl‘ te [0, OO], wE Q.
Note that Yq(2, w)=1.

ProrosITION 4.4. (i) If AN B=g, then Y, 5(t, w)= Y, (t, )+ Y3(t, w) for each
weQandte|0, o]

() If At A or A, A, then Y (t, w)=lim;_, Y,(t, w) for each w e Q and
t € [0, o).

(iii) If A € &, then Y (1, -) is measurable with respect to %,

Proof. (i) By Proposition 4.3, (ii) and (iv), if 4 " B= &, then

Yao8(t, @) = Pxg,o((4 U B)(t, w))
= Px¢,o(A(t, w))+P X(t,co)(B(t’ w)) = Y, (t, 0)+ Yp(t, w).

(ii) We prove (ii) for 4,1 A, the proof for A4, | A is similar. If 4,4 A4, then by
Proposition 4.3. (i), 4,(t, w) 4 A(¢, w). But then

Y, (t, w) = PxeofAi(t, @)} Pxg,o)(A(, w)) = Yu(t, w).
In view of (i) and (ii) it suffices to prove (iii) for a set of the form
A={X(@t)ely,..,X¢t)el, Xt)e Ty, X(t;s1) € Tis1y ..., X(t) e T}
where I',e &, i=0,...,nand t; <ty< - - <{;<t<t;,,<---<t, But then

Alt, w) = {X(t;s1—t) e Tyyy,y .0, X(ta—1t) € Ty} 0 {X(0) = Xy(w)}
ifwe{X(t) ey, ..., X(t)eT,, X(t)e Ty},

=g ifo¢{Xt)el,..., X@)e T, X(t) e Ty}
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P X(t.w)(A(t’ w)) = X{Xt,)ery,..., X(t)ely, X(t)ely)}
Py, X(tis1—1) € Tyyy, ..., X(ta—2t) e T),

where yx(-) designates the indicator function of the set XK. The result then follows
since

Pyo,o(X(tii1—t) €Ty, ..., X(t,—t) e T)
is a composition of the %-measurable mapping w ~> X(w) and the measurable
mapping y ~> Py(X(t; 1 —t) € Tiyq, ..., X(t,—1) € TY).
PROPOSITION 4.5. If A€ %, then Y, (-, -) is progressively measurable.

Proof. Proposition 4.4 implies that the class of sets A, for which Y,(-, ) is
progressively measurable is closed under the operations of taking complements,
disjoint unions and monotone limits. Since E is a locally compact separable metric
space, it suffices to show that Y,(-, -) is progressively measurable for a set of the
form

4.4 A={Xt)el,..., X(t,)e '}
with T'y, ..., I',, compact and ¢, <t;<--- <t,. For t;,_;Ss<t
Yu(s, @) = Xexayyery) ** Xexty-peri-y) Pre,o(X(E—8) € Ty ..., X(tn—s5) € Tp).

Since the T, i=1, ..., n are compact, for each i there is a sequence {f*} of Cy(E)
functions such that f*(x) | xr,(x) as n— co (P. R. Halmos [9, Chapter 10]). But
then
Px(s,w)(X(lt—s) € Fh ey X(t,,,—S) € Pm)

= Iim Exio(fH(X(6 =) /s 1(X(ti11=9))- - fa(X(tn—9)))

Jim Py (/03 - (Pep -t -, SA(PmDX(S, ).

But Proposition 2.4.1 implies that P, _(f*(y): - - (Ps,, -t,,_, Sm(¥m)))()) is jointly
continuous with respect to s and y for s € [t,_,, #;) and y € E. Since X(s, w) is a right
continuous function of s for each w, Py _(f*(y) - - (Py,, —t,, -, fo(Im)))(X(s w)) is
therefore right continuous for s€ [t,_,, t;) for each w. Hence Y (- , -) is progressively
measurable (cf. P. A. Meyer [13, Chapter 4, T 47)).

We now introduce the concept of a relative stopping time. Let T be a stopping
time and let 7 £ T(w,), w, € Q. Note that if w € Q and Xy(w) = X;(w,) then there is a
path o’ € Q such that w’~wy(R;) and such that w=0,w’. In this case define
T'(w)=T(w)—t. If Xo(w)# X(wo) let T'(w)=+oc0. T’ is called the (T, wo, t)-
relative stopping time.

PROPOSITION 4.6. The (T, w,, t)-relative stopping time is a stopping time.
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Proof. It is easy to verify that 7’ is a measurable mapping from Q to [0, oo]. In
particular, for s<oo, {T' <s}={X(0)= X(¢, wo)} N {T<s+t}(t, ). The result then
follows from Proposition 4.3 which implies that {T<s+t}(t, w) € #..

5. The extended Markov property. In this section the extended Markov property
is established. However, before doing this it is necessary to introduce a new class

of o-fields.

Given a stopping time T, /¥ is the o-field 07 %, which is a sub-o-field of %,
(Proposition 2.6.1). It is easy to verify that 4% is the o-field generated by the
random variables (X7 ¢)szo-

PRrOPOSITION 5.1. For any (M ,)-stopping time T, M M%, the o-field generated
by My and M¥ is identical to F,,.

Proof. Clearly A v #%<%,. Hence it suffices to show that {X, e '} for =0
and I' an open subset of F is measurable with respect to A,V %,
For I'e &,

{Yiel}=(Tz t}n{X,eTHU({ET < t} n{X, e T}).

But{T=t} N {X; e I'} € #;. Hence it suffices to show that {T <t} N {X, e '} e L%.
Note that T,=>2 ¢ Xpmsr<a+m(@+ D/n), n=1,2,3, ..., is a decreasing sequence
of stopping times with limit 7. Then if y,=(T+¢—T,+1/n)v T, n, — tv T, and the
7, n=1,2,3,..., are measurable with respect to .#;. Hence the »,, n=1,2,3,.. .,
are stopping times (P. A. Meyer [1, Chapter 4, T 38]). The right continuity of the
paths and the fact that I" is open imply that

WennT<n=y J O\ (T<50X,)

where the I';, j=1,2, 3, .. .,and # are chosen exactly as in the proof of Proposition
2.2.1. But for each » and j,

(T<tyn{X, eT} = JUT < } 0 {X,, € T} O {T, = ifn})
= U (T < 3 0 {XT+1=G=1Djn) € T} O {T, = 1.

Since t=(i—1)/n on {T <t} N {T,=i/n}, therefore
{T< t3N{XT+@—-@E-D/n) e} n{T, = iln}c M¥.

Hence {T<t} N {X, e I'} e 4% and the proof is complete. The following corollary
has also been proved.

COROLLARY. For any stopping time T the events of the form {X;,,e '} withT e &
and t20 and {X, e L'} " {T'=t} with I € & and t=0 generate the o-field %,.
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THEOREM 5.1 (THE EXTENDED MARKOV PROPERTY). For any stopping time T,
Ae#,, Be My and any x € E,

P(ANB) = f Py AT (), ) dPy(w)

(5.1 = fB Y (T(w), @) dP(w)
= E.(xs(w)- Y4(T(w), w)).

In other words for every x € E, Y,(t, -) is a version of the martingale E,(x,|.#;)
for which the optional sampling theorem is valid.
Proof. P,(A N B)=P,(A N BN {T<x})+P,(4 N BN {T=00}). But

P(ANBA(T = w}) = f X Pa(n) dP (o)

= x(XBn(T=w)' Y (T(w), w)).

Hence it suffices to prove (5.1) in the case in which B<{T'<o0}. Note that since
Y,4(-, ) is progressively measurable, Y,(T(w), w) is measurable with respect to
1 and hence the integral on the right-hand side of (5.1) is well defined.

We first show that the class of sets A for which (5.1) is satisfied is closed under
disjoint unions and monotone limits. If A N C=g and both 4 and C satisfy (5.1),
then

P.B O (40U C)) = P(A N B)+P,(C N B)
- [ 7.1, @) P+ | YelT (@), o) dP(w)
- f Y, o(T(w), ) dPy(w) by Proposition 4.4,

and therefore 4 U C satisfies (5.1). If 4,/ 4 as i—o0 and 4,, i=1,2,3,...,
satisfy (5.1), then

P4 B) = lim P.(4, " B) = lim | ¥,(T@), &) dP.(w)
= f lim Y, (T(w), w) dP(w) by the monotone convergence theorem
Bi—-©

- f Y,(T(w), @) dP.(w) by Proposition 4.4.
B

Therefore A satisfies (5.1).
Hence in view of Proposition 5.1 it suffices to prove (5.1) for sets of the form

(5.2) Ao = CO{X(T+t) e} N N {X{T+t,)e T,

where 0<t,<t,---<t,, [Ye&, i=1,...,n, and Ce ;. In fact in view of the
Corollary to Proposition 5.1, it suffices to consider sets C of the form

C = {X(sl) € Ala BRI ] X(Sm) € Am} N {sm _S_ T < sm+1}’
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where 0S5, < <sy+1 and Ay €8, i=1,..., m. In this case it is easy to verify
that the strong Markov property implies that

(53) P 4oNB) = f PraranX(t) € T, . .., X(t,) € o) dP(w),

(cf. E. B. Dynkin [7, Theorem 3.11]). Hence it suffices to show that if 4, is defined
by (5.2) then

(5.4) an Prcran(X(t) € Ty .. ., X(1,) € T,) dP(w) = fB Y s, (T(), w) dP (w).

Let H={X; = X7} N {T <o} and F={X; # Xy} N {T<o0}. Fork=1,2,3,...,
define

JE(-) =0,
J¥si(w) = inf{s : s > J¥(w), p(Xy(w), X5 (w)) > 1/k},
= 400 if the above set is empty.

Since the paths possess limits from the left on [0, c0) and are right continuous,

F= [(,Ql Q= J,’f}) U(FN{T = z})] AT < oo},

Note that {T=J%} € A, 0 My for any k and n. If w € Q and if w~w'(R;x), then
Jr(w") =J3(w).

We now prove (5.1) for the case T=J¥ for some k and n. If 4, is defined by (5.2)
(with T=J¥), then

Ao(JH(w), w) = {X(t;) e T} N+ - - N {X(t,) € T} N {X(0) = X(J}(w))} ifweC
=g ifwé¢ C,
and therefore
Y, (J3(@), ®) = xc' Pxilon(X(t) € Ty, ..., X(t) € TY).

Therefore
fB ProfofX(B) € Ty ., X(t) € T) dPy(o) = L Y 4, (T5(@), w) dP(w).

Since we have shown that (5.4) implies (5.1), therefore for any 4 € #,, Be M«
and x€ E,

PAANB) = [ Y,ka), o) dPyo)
B
In particular for an arbitrary stopping time T,

(5.5) PT =9 = [ Y syUie) o) dPue)

{T=Jg}
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and therefore
(5.6) Yir-(Jk(w), w) = 1, P,-almost surely on {T = J}.

We now proceed to prove (5.4) for an arbitrary stopping time 7 when B< F.
If w e {T=Jk}, then
(5.7 Agi(w), w) = (4o N{T = JiHUn(w), @)+ (4o N {T > YU (@), w).
Then (5.6) implies that

Y4, (T(w), @) = Pxawy(do N{T = JiH(5(w), w)
= Pxawn(X(t) €Ty, ..., X(t,) € ) xc,

P.-almost surely on {T'=J%}. A similar result holds for {T={} N F. Hence it is
easy to verify that

an Pxrn(X(t) €Ty, ..., X(t,) € T,) dPy(w) = fw Y, (T(w), @) dP(w).

Proposition 2.9.1 implies that there is an increasing sequence of stopping times
{S,}, S,=T for all n, such that:

(5.8) ifQo= {S,, < Tforalln, lim S, = T\, then P(Q N H) = P (H).

n— o
Let S, =lim,_., S, and Q'={S,< S, for all n}.

We next prove (5.1) for the case T=S,. If we Q' and o'~w(Rs_), then
Sp(w)=S,(w) for all n (cf. Proposition 4.2) and consequently S, (w')=S,(w). If
w € Q' and if A, is defined by (5.2) (with T=S,), then

Ap(Sw(w), w) ={X(t) ey, ..., X)) e T} n{X(0) = X(So(w))} ifweC

=g ifwé¢C,

and therefore
Y4, (Sw(w), @) = Pxes,wn(X(t) € Ty, ..., X(2,) € Tp)xe.
Hence it is easy to verify that for any set 4 € &, and any set Be #_ and any x
such that P,(B N Q")=P.(B), then
(59) PABOA) = [ Y(Sulw), o) dP(w).
B

In particular for an arbitrary stopping time T, if P, ({T=S.} N Q)=P.({T=S.)}),
then

P(T = S.)) = f Vires1(Sa(0), @) dP(e)

=P w

and therefore

(5.10) Py, )T = So}(Swo(w), w)) = 1, P,-almost surely on {T = S,}.
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We are now ready to prove (5.4) for an arbitrary stopping time T when B< H.
Let {S,} be chosen to satisfy (5.8). For w € Q let T,,(-) be the (T, w, S, (w))-relative
stopping time. Then (5.10) implies that Py w)(Tw(-) = 0) = 1, P,-almost surely
on H. For w € Q let T,(-) be the (T, w, T(w))-relative stopping time. If w € Q, then
So(w)=T(w) and therefore

(5.11) Pyzwy(To(-) = 0) =1, P,-almost surely on H.
But if A, is defined by (5.2) and if w € Q, then

Ao(T(w), ®) = {X(t) € Ty, . .., X(t:) € T}
N{Tu(-) = 0} N {X(0) = X(T(w))}
UA N{TY) >0 ifweC
= A" N{TN)>0 fwe¢C

for some A’ € #,, and 4" € &,. Thus (5.11) implies that
YAO(T(‘“), ) = XcPxaw)(X(t) e Ty, ..., X(t,) e Ty),

P,-almost surely on H. Hence for 4, defined by (5.2),

(5.12)

fm Y, (T(), @) dP (w) = fH Prcran(X(t) € T, .., X(t,) € T') dP ()

and the proof is complete.

COROLLARY 1. If A€ My, then except for a set of w of P,-probability zero
A(T(w), w)> B(w) such that B(w) € M, and such that Py, (A(T(w), w)— B(w))=0.

Proof. The proof follows immediately from (5.6), (5.7), (5.11), and (5.12).

COROLLARY 2. If t<T(wo), then Y(t, wo)=[ Y (T(«'), @) APy vp(w’), where
P00 IS the measure on F,, defined by

Pt 00(A) = Pxg,0,(A(t, @0)), AeZF,.

Proof. Let T’ be the (T, w, t)-relative stopping time. Then Theorem 5.1 implies
that

P X(t,wo)(A(t’ wp)) = f YA(t,wo)(T,(w’)a wl) dp X(t,wo)(wl)
~ [ 1@, &) dPRy o).

The last equality is an immediate consequence of the definitions of 7' and
P J’(k(t.coo)'

REMARKS 5.1. Since the o-fields (/#;) are right continuous, the process Y, (f, w)
=lim,,, Y,(s, w) is a right continuous modification of the martingale Y,(¢, -)
(refer to P. A. Meyer [13, Chapter 6, T 4]). In fact Professer P. A. Meyer has
proved in a private communication that Y,(- , -) is actually well measurable [13,
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Chapter 8] and therefore [13, Chapter 8, T 20] it is easy to verify that Y (- , w)=
Y,+(- ,w) P,-almost surely for each x. However we make no use of this property
in this paper.

5.2. From another point of view Y.(¢, -) can be interpreted as a regular con-
ditional probability with respect to the o-field .#,. The fact that Y.(¢t, w) is a regular
conditional probability, that is, for each w € Q, Y.(¢, w) is a probability measure,
follows from Proposition 4.4.

5.3. If A is a set of the form {X;, ;€ '}, I'e &, s=0, then Theorem 5.1 reduces
to the usual statement of the strong Markov property. If 4 € #%, then Theorem
5.1 reduces to a result of E. B. Dynkin [7, Theorem 3.11]. Hence Theorem 5.1 can
be thought of as an extension of the usual strong Markov property to sets which
need not belong to #%. Theorem 5.1 is also analogous to the Fubini theorem for
product measures (applied to indicator functions of sets) and thus could also be
interpreted as a Fubini-Markov theorem.

6. Nonequivalent pairs of Markov processes. Let
T = (Q’ %, (P;)erA’ (Xt)tslo,w]) and Ty = (Q, 9009 (PJ%)JCEEA) (Xt)te[o,oo])

be a pair of Hunt processes which are instantaneously equivalent. It is assumed
that for some x, € E and 4, € %, P} (4,) = 0, P2 (4o)=a,>0, that is, 4, is a
(74, 3, Xo) singularity. Y1(-, -) and Y3(-, -) denote the martingales defined in §5
for =, and =, respectively. For any real number s, let Z,={r—s : r2s, r rational}.

PROPOSITION 6.1. For each s € [0, ) and A € #,,

S(w) = inf{t: te &, Yi(t, w) > 0}
+00 if{t:ted, Yi(t, v) > 0} = @.

Then for each s € [0, ), T5(-) is a stopping time.

Proof. {w : Ti(w)<t}=U e0.0n2, {® : Yi(r, ®)>0}. But Proposition 4.4 im-
plies that {& : Yi(r, w)>0} € &, if r<t and therefore T} is a stopping time with
respect to the o-fields (A )ic0, w1

PROPOSITION 6.2. For any s € [0, ©) and A € .,
(i) if PX(A)=0, then PX(T3<0)=0, and
(i) if PX(A)>0, then P(T5=0)=1.

Proof. (i) Since {T§<0}=J,ea, {Yi(r, w)>0}, Px(T5<00)>0 implies that for
some r € &, P.(Y3(r, ») > 0) > 0. But then Theorem 5.1 implies that P2(4) > 0.

(ii) If PX(T5=0)=0, then for a sequence {r,} of elements of %, such that r, | 0 as
i — o0, Theorem 5.1 implies that for each i

Pi(d) = EX(Yi(r, -)) < Px(T; < ).

Since PY(T5=r;) — 0 as i — oo, therefore P3(4)=0. Since {T5=0} € 4, the result
then follows from the zero-one law (Proposition 2.7.1).
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REMARKS. 6.1. For s=0 we let T9=T,. Since m; and m, are assumed to be
instantaneously equivalent and P (4,)=0, then Proposition 6.2 implies that
P, (T4, =0)=P%,(T;,=0)=0.

6.2. Let S be a stopping time and let 4 € 4. It is easy to verify that for each
w € Q either T,(w) £ S(w) or Ty(w)=00. In fact if 00 > > S(w), then A(?, w) is either
Q or @ depending on whether w € 4 or not (cf. Proposition 4.1).

We next state and prove three technical results which are used in §8.

PROPOSITION 6.3. Let S be an (M )-stopping time such that S<T,, and such that
P2 (4o N{S<T4)=P%(Ao). Then P% (A, N {Y},(S(w), w)>0}) =0.

Proof. If Y; (S(w), w)>0, then Pxs)(A4o(S(w), w))>0 and Proposition 6.2
implies that Pi (T3 w,.»=0)=1. Since =, and =, are instantaneously equiv-
alent, this implies that PZsn(T5%w).0=0=1. If Y (S(w), w)=0, then
P} scn(Ao(S(w), w))=0 and Proposition 6.2 implies that

(6.1 PiseonTas@w,o > 0) = Pswn(Tis@w.e > 0) = 1.

If o'~w(Ry,), then Proposition 4.2 implies that S(w’)ZS(w). Therefore
{T4,> S} S(w), w) {0 : TE%w),m(w’)>0}. But Theorem 5.1 implies that

Pgo(AO) = on(AO N {TAO > S})
- f Plspl{Ts, > SHS@), 0)]- Plison(Ao(S(@), ) dPZ,(w)

< [ PRuolTiw.o(@) > 01 Pow(Aa(S(@) o) dPE,(@)
= P (4o N{Y5,(S(-), ) = 0}) by (6.1).
Hence P2 (4, N {Y},(S(:), -)>0})=0 and the proof is complete.
PROPOSITION 6.4. PZ (Ao N By)=P2 (A,) where Bo={Y; (T4, (-), -)>0}.
Proof. As in the proof of Theorem 5.1 let
H={Xr,, = Xr,} N {T4, <0} and F={X7, # Xr,}0{T4 < oo}

It is easy to verify that P2 (B, N Ay N {T 4, =00})=P3 (Ao N {T4,=0}). To prove
that P2 (B, N Ay N F)=PZ (4, N F) it suffices to show that

P (BoN Ao NFN{T, =) =P2(Ado N FN{T,, =1}

and that PZ (Bo N Ao N {Ty, =JE}) =P (4o N {Ts,=J3}) for k, n=1, 2, 3,...,
where the J¥; k, n=1, 2, 3, .. ., are defined as in the proof of Theorem 5.1. Noting
that {T,, > J¥}(J%(w), w) € M, we can easily verify that Theorem 5.1 implies

PL(A N {Tay =T = [ Ploswn(AoT¥(@), o)
(Tag=T5

-P )%(Jﬁ(w))({T o =J Nk (w), w))-dP 30("’)-
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But Proposition 6.2 and the instantaneous equivalence of =, and m, imply that for
wE€ {TAQ = 7’1‘} ’

P 22((1’,:(w))({TA° = J,’,‘}(J,’,‘(w), w)) =P }:u’,fw»({TAo =J L‘}(J ﬁ(w), w)) = XBo*

Hence P2 (Ao N {Ta,=JEP)=P2% (Ao N By N {T4,=J%}). A similar result may be
obtained for (T'={) N F.

To prove that PZ (4, N By N H)=PZ2 (4 N H), note that the proof of Theorem
5.1 (in particular (5.11)) implies that there is a set Q € &, such that

P%,(H N Q) = P (H)

and such that PZr, wn(T 4/&xar,r=0)=1 for each w € Q. But Proposition 6.2 and
the instantaneous equivalence of 7; and =, imply that PX(TAO(“)»(T:Q(T(:):(OJ) o=0=

if and only if Y (T4,(w), @)>0. Hence it follows that PZ (4o N By N H)—
P2 (4, N H).

REMARK 6.3. Itis easy to verify that P (B,)=0, P2 (Bo)2 a, and that By € A7, .
Furthermore, P2 (A4,—Bo)=P;,(4o— Bo;)=0. Finally, Theorem 5.1, Corollary 2
implies that T > T,,. Remark 6.2 implies that either Tp, <T,, or Tp,=00, and
therefore

Tpo(w) = Tyy(w) if Y3,(Tsp(w); w) > 0

= if Y3,(T4,(w), w) = 0.
PROPOSITION 6.5. There is a set Bo> Ao, By € My, , such that Ty, =Tjg,
Proof. For any rational r € [0, 1/n], let T?, n=1, 2, 3, ..., be the stopping time
defined by

Z X{r+i/nST g <r+d+1)n}" (’+('+1)/”)+X(T4°—w) (00).

i=<1

Note that T, +1/n2T72T,, and that the definition of T, implies that
o= U {Y;(TH(w),w) >0 =B

re(0,1/n1nRo

Hence Ao,<Bo=( =1 Us-k B.. But since B,€ Mz, .1/, Bo€ My, . Finally,
Remark 6.2 implies that Tp, <T, or = +co0 and Theorem 5.1, Corollary 2 implies
that T'5, 2 T,,; in fact for t < T, (w), Y5,(t, w)>0 if and only if Y} (f, w)>0. But
the definition of B, implies that if T, (w)<oo then Tgy, <00 so that T, =Tj,.
Note that this implies that P} (Bo)=0.

7. The canonical singularities. Let =, and =, be a pair of Hunt processes. For
t>0and O<a=1 let

K# = {x e E: for some C e %, PLC) = 0, PYC) = «}.
For a fixed value of «, Kf decreases as ¢ decreases.

ProPOSITION 7.1. For each 0<a=1 and t>0, K is an &-measurable set.
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Proof. Proposition 2.2.1 implies that there exists a countable algebra %, of sets
which generates &, say €;={B, : m=1,2,3,...}. If

Kpn = 01 {x : PXB,) < 1/2%, PX(B,) = «—1/2"}, then Kf"e &.
Y

It is easy to verify that K = (2., K" by the approximation theorem for measures.
On the other hand if x € (2=, K*™, then for each n there is a set 4, € % such that
Pl(4,)<1/2" and P%(A4,)= «—1/2" But then P21 U2 4,)=0.and

Pﬁ(ﬁﬁ Cj‘t) Za

k=1n=k
so that x € K#. Hence Kf={(\>-, K#" and therefore K# € &.

PROPOSITION 7.2. 7, and m, are instantaneously equivalent if and only if
Ni>o K¥=2 for each «>0.

Proof. If x € ),>, K&, then for any positive integer n there is a set A, € #,,
such that Py(4,)=0 and PZ(4,)Zc. But then 4=, Ur-r A€ #, and
P1(A4)=0 and P%(A)=«. Hence m, and =, are not instantaneously equivalent. On
the other hand if =, and m, are not instantaneously equivalent then there is a set
A e M, and x € E such that P1(4)=0, PZ(4)=1 and therefore x € K7 for all t>0
and «=<1.

To each set K¢, t>0, 0 <=1, we now construct a canonical singular event Ke.
For B,e%,,m=1,2,3,..., and each positive integer n, let

K: = {x : PXB,) < 1/2", PX(B,) = «—1/2"} N K¢,
and
K* = (X0)e K} N B) U ({X(©0)e KZ—K}} N By)U---
U ({X(O) e (K," —g K;')} A B,) U

and let KfF= NP US K™, Since for each m, P,(B,) is measurable (cf. 2.3.2), it
is easy to verify that K¢ € %. Moreover PX(K")<1/2" for each x € E and P2(K™)
Za—1/2" for each x € K. Hence Pi(f(,“)=0 for each x € E and P,%(I?,“)ga for
each x € K¢.

8. Classification of singularities. In this section we classify the types of singu-
larities which can occur for a pair (m,, m,) of Hunt processes.

8.1. Types of singularities. Anevent A € £ is a (m,, my, X,) germ field singularity
if Ae A, Py (A)=0 and PZ (4)>0.

AeZ, is a (my, my, X,) singularity of tail type if P (A)=0, P2 (4)>0 and
Yi(t)=0, P2 -almost surely for all ¢ € [0, c0).

AeF, is a (m, my, X,) tail field singularity if A belongs to the tail field
FE=i>0 F*, and 4 is a (7, 7, X,) tail type singularity.

A€ Z, is a (my, mg, X,) jump singularity at T if:
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(i) T is a stopping time which is totally inaccessible in the weak sense on A
with respect to P2 and 4 € 47,

(i) for any stopping time S such that PZ (4 N {S<T})=P3 (4), Yi(S)=0,
P2 -almost surely on 4, and

(iii) P2,(4)=0, P2 (4)>0.

A€ Z, is a (my, m,, X,) pseudo local singularity at T if T is a stopping time and
there is an increasing sequence of stopping times {7} such that:

(i) T,<T <o for every n, P2 -almost surely on 4,

(i) lim,. o T,=T, P2 -almost surely on 4,

(iii) A€ My, P; (A)=0, P2 (A4)>0 and

(iv) for every n, Y3(T,)=0, P2 -almost surely on 4. In such case it is easy to
verify that T,(w) is either T(w) or oo, PZ -almost surely on A.

Let {T,} be an increasing sequence of stopping times, such that 7, £ T for each n.
The o-field Az, ¢ is defined to be 7=, A7, N M.

A e F, is said to be local at a stopping time T with respect to P2, if there is an
increasing sequence of stopping times {T,} such that T, < T for each n and such
that:

(i) T,<T for each n and lim,_, , T,,=T <0, both P2 -almost surely on a set B
which contains A4,

(i) T,., is measurable with respect to .#% , and

(iii) A belongs to the local o-field A 4 ) 7.

REMARK 8.1.1. It can be shown that the PZ -completion of the o-field A, ¢
restricted to the set B is independent of the choice of the sequence {T,} as long as
{T,} satisfies (i) and (ii). # 1, r is known as the local o-field at T with respect to
PZ,. Loosely speaking, events in .#_, r depend only on the behavior of the paths
near 7.

A e F, is a (my, my, Xo) local singularity at T if A is a local event at the stopping
time T with respect to P2, and A4 is a (my, 73, Xo) pseudo local singularity at T.

8.2. A property of pseudo local singularities. Let G be a (wy, m, x,) pseudo local
singularity such that P2 (G)=a > 0. Then there is an increasing sequence of stopping
times {T,} such that T,<T;<oo for all n and lim,_, , T,=T;, both P2 -almost
surely on G. Without loss of generality the sequence of stopping times {7} can be
chosen so that for a given ¢, O<e<a/2, P2 (G N{Tc2T,+1/n})<e/2". Let
G,={T¢<T,+1/n} N G. Then G, € My, .1, (refer to P. A. Meyer [13, Chapter 4,
T 39]). Corollary 1 of Theorem 5.1 implies that there is a set Q € %, such that
PZ.(G N Q)=P2 (G) and such that for every n and w € Q,

@21 Gu(Tw(w), w) 2 Gi(w) with G (w) € My,

and such that Pz, (u)(Gu(Th(w), ) — G, (w))=0. Then we have the following
result.

PrOPOSITION 8.2.1. P2 (G N (Ni=1{X(T,) € K3,.})) 2 b where b=(a—¢)/2.
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Proof. If G,=(\>-1 Gy, then PZ (G.)=a—e. Consider
N(w) = min{n : Y_(T.(w), w) < b}
= 40 if{n: Y¢ (T,(w), w) £ b} = @.
Let T(w)= Ty Where T(w)=Ts(w). Since
(T<ty= UL < 30 (¥, (@) S b, Y2, @) > b,...., Y2, (T)) > b}

it follows that {T'<t} € #, and therefore T is a stopping time. But Theorem 5.1
implies that

2 5 PL,(Ga) = [PRawnGa(T(@), ) dPE,(w)

- f Pln(Go(T(w), )) dPZ,(w)
(F=Tg)

+ [y 0 Phoan(GolT(@), ) dP2(w)

- f Y2 (T(w), w) dP2,(w)
g, (F(w),w)<b)

f Y2, (T(w), ) dP2,(w).
g, (F(w),w)Zb)

But then {2 ), mz0 Y&, (T(@), @) dP2,(w)2 b and therefore
PL(6. 0 { Q) V2@, 2 8)) 2 .
Since for each n
on(Gao N {Yéq,(Tn(w), w) = b}) = 0;

then in view of (8.2.1)
P3,(G 0 (A (X0 e K3)) 2

and the proof is complete.

COROLLARY. There exist compact sets K, < K3, such that

P4,(Ga 0 () (X@) € R3a})) 2 B2

Proof. This follows immediately since the measures P2 (X(T,)€ -) are inner
regular on &,.

In the case in which C is a (my, m,, Xx,) tail type singularity, a similar type of
argument yields the following result.
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PROPOSITION 8.2.2. If C is a (m,, my, Xo) tail type singularity such that P% (C)=a
and s € [0, o), then
PZ.(C N {X(s) e K% 2 a/2.
In the case in which D is a (m,, 75, X,) jump singularity, a similar type of argument
yields the following result.

PROPOSITION 8.2.3. If D is a (m,, my, X,) jump singularity at Ty, with
PZ(DN{S<Tp<S+tP)=a >0

for some t € [0, ), then
P2,(X(S) € K§™) 2 a'J2.

8.3. A result on tail type singularities.
THEOREM 8.3.1. If (m, m3) have a tail type singularity then they have a tail field
singularity.

Proof. Let C be a (my, m,, X,) tail type singularity with P2 (C)=a. Then Prop-
osition 8.2.2 implies that P2 (C N {X(s) € K¥%})=a/2 for every s € [0, ). But
then P2 (65 1K%2)> g2/4 and P (65 1K2/2) =0, Moreover 0; 1K%2 € .4*. Hence if
Co=N=1 Up-, 07 1K%2, then Co € FX, P2 (C,)>0 and P2 (C,)=0. Hence C, is
a tail field singularity.

8.4. A result on local singularities.

THEOREM 8.4.1. If (my, m3) have a pseudo local singularity, then (., ;) have a
local singularity. Moreover for some «>0, K#+ & for all t>0.

Proof. Let G be a (my, 75, x,) pseudo local singularity at a stopping time T with
P% (G)=a. But then Proposition 8.2.1 implies that for 0 <e<a/2,

8.4.1) PL( A (XT) e Ry N 6) 2 b2

where b= (a—e¢)/2, K3, is a compact subset of K, and {7} is a sequence of stopping
times such that lim,_, ., 7,=T, P2 -almost surely on G. This implies that K3, # 2
for every positive integer n.

Consider the sequence of stopping times defined by:

St =0,
Sp=8h_14Spo0s_, forn=2,3,...,

where the S,, n=2, 3,..., are defined as follows. If

S, =inf{s: X(w)eKy,}, n=23,...
= +oo if the above set is empty,

then S, is an (#72)-stopping time. We then let S, be an (#)-stopping time chosen
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so that P2(S,#S,)=0 where p(-)=P2 (X(S5-1)€-). Let Sg=lim,_, , S?, St= 05:1133,,,
and S3= (NP1 Uk S2. The event S N (S§<o0) is a local event and P2 ($8)=0.
Moreover (8.4.1) implies that P2,(S§<o0)>0 and therefore P2 (S5 N {S3<0})>0.
It is then easy to verify that S N {S3< o0} is a (1, 7y, X,) local singularity at S3.

8.5. A remark on jump singularities. Let J¥, n,k=1,2,3,..., be the stopping
times defined in the proof of Theorem 5.1. Let .#7Jx be the o-field generated by the
triple of random variables (J%, X,x, X;k) and #{ be the o-field generated by
the random variables { and x; < »)- X7 . Then Ajx< M ;x and M} <. # . We call the
o-fields M7x, k,n=1,2,3,.. ., and A} the jump o-fields. An event A4 is a (,, 73, Xo)
Jjump field singularity if A belongs to one of the jump o-fields and is a (7y, 7q, X0)
jump singularity at the corresponding jump time. If the pair (7, 7,) is either free
of jump singularities or has jump field singularities then it is said to have the
J-property. The pair (7y, 7,) of Example 3 of §3 has the J-property. However, the
question of the characterization of pairs of processes which have the J-property
is not considered in this paper.

A. V. Skorokhod [17] has considered the question of jump singularities for
Markov processes which are defined by stochastic integral equations.

8.6. The decomposition theorem. Let m, and =, be a pair of Hunt processes which
are instantaneously equivalent.

THEOREM 8.6.1. If A, is a (my, 7y, X,) singularity, then A, <C Y D U G where C
is either empty or a tail type singularity, D is either empty or a jump singularity and G
is either empty or a pseudo local singularity.

Proof. Given A, let B; be defined as in Proposition 6.5. Let C=B, N {T,, =c0}.
If PZ(C)>0, then for each t € [0, ), Y§(t)=0, P2 -almost surely (Proposition
6.3). Hence C is a tail type singularity. Let D=B, N {T,, <oo} N {X7, # X7, }
and let S be a stopping time such that PZ (D N {S<T,})=P% (D). Then Proposi-
tions 6.3 and 6.5 imply that Y3(S)=0, P2 -almost surely on D. In addition, T,
is mo-totally inaccessible in the weak sense at x, on D (Proposition 2.9.1). Hence
D is a (m,, 7y, Xx,) jump singularity. Let G=B, N {T,, <o} N {XTAO =XT'A0}. Then
Proposition 2.9.1 implies the existence of an increasing sequence of stopping times
{T,} such that lim,_, T,=T,, and T,<T, <oo for every n, both PZ -almost
surely on G. Propositions 6.3 and 6.5 imply that for every n, Y(T,)=0, PZ-
almost surely on G. Hence G is a pseudo local singularity and the proof is complete.

8.6. Continuous Hunt processes. Let m; and m, be a pair of continuous Hunt
processes which are instantaneously equivalent. Then we have the following

result.

THeOREM 8.7.1. (i) If m, and =, are free of local singularities then =, and =, are

equivalent in finite time.
(ii) If in addition m, and =, are not strongly equivalent in finite time, then =, and =,

must have a jump singularity at {.
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(iii) If m, and m, are uninterrupted, then m, and =, are strongly equivalent in finite
time.

Proof. (i) If A, is a (7y, 74, Xo) OF @ (7y, ™y, X,) singularity and 4, € & for some
t € [0, o0) and 4,<=({>1t), then T, <{ on {T,, <oo}. But then T, is accessible on
Ay which in view of Theorem 8.4.1 implies the existence of a local singularity thus
yielding a contradiction.

(@ii) If A, is a (my, 74, Xo) O & (74, 7y, X,) singularity which belongs to % for
some f € [0, o0), then since =, and m, are free of local singularities 4 must be a
jump singularity. But if =, and =, are continuous, J¥= +oco, Pi-almost surely,
i=1, 2, for each x € E, every positive integer k and every n=1, 2, 3,.... Hence 4
must be a jump singularity at £.

(iii) If 7, and =, are uninterrupted and continuous, then there can be no jump
singularities. Hence if 7, and =, are free of local singularities, then 7, and =, are
strongly equivalent in finite time.

8.8. Remarks on the examples of §3. Example 1 of §3 is an example of a pair of
Markov processes which can have only tail field singularities. In Example 2 the
pair (m;, m) have local singularities at the stopping times T,=n, where n is a
positive integer. Note that in this case 7, is not quasi left continuous and that the
jumps occur at accessible times. Example 3 illustrates the phenomena of jump
singularities. Although the processes in this example are not in the canonical form
we have considered, the results that we have obtained are nevertheless applicable.
As noted above the pair of processes in Example 3 has the J-property.

9. Locally smooth Markov processes. In this section we show that for a large
class of Hunt processes the existence of local singularities implies the existence of
germ field singularities.

Let 7=(Q, o, (Px)xerss (Xoicro, 1) be a strong Markov process with respect to
the o-fields (#7);c0,1. The Markov process  is locally smooth if the following is
satisfied. Let x be any point in E; let {T,,} be an increasing sequence of stopping
times and T be a stopping time such that T, <T for all n and lim,,_, , T,=T, both
P,-almost surely on {T'<(}, and let {I',} be a sequence of &,-measurable sets.
Then for any positive integer N,

©.1) Px(X(T) eCy, () (XT,) e Pn}) -0,

=1
where Cy={y : ye E, P(TUg.yr, =0)=0}, and for '€ &,
Tr=inf{t: X,e I}

= 4o if the above set is empty.
(Note that it can be shown that Cy is measurable with respect to the o-field of

universally measurable subsets of E, (R. K. Getoor [8]).)
In §10 we introduce the fine topology connected with the Markov process. The
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property of local smoothness can be thought of as quasi left continuity in the fine
topology. We begin by obtaining some preliminary results.

PropoSITION 9.1. Let A, e My, n=1,2,3,..., where {T,} is a decreasing
sequence of stopping times such that lim,,_, , T, =0, P,-almost surely for some x € E,.
If A=N\P-1 UZ=i A,, then A€ ME=, the completion of M, with respect to the
measure P,.

Proof. It suffices to show that 4 € .4, for each ¢>0. Since 4 € 4, for each n,
it follows that A N {T, <t} € #, for each t>0. Since

A=AN{T, 2tHhvAN{T, > t}),
it suffices to show that 4 N lim,_ ,, {T,, >t} € #5=. But
AN lim {T, > t} {lim T, > 0}.
n— n—> o
Since {lim,_, , T,,>0} € &, and P, ({lim,_, , T, >0})=0, therefore
AN (lim {T, > t}) € M5=.
n— o
PrOPOSITION 9.2. Let {I',} be a sequence of compact subsets of E such that for
every positive integer N and some y € E— 2=, ', Py (Tyg.,r, =0)=1. Then for
any £>0 there exists a decreasing sequence of stopping times {T¥} and an integral
valued function f(n), n < f(n) < 0o, such that
@) T.¥ >0 for each n and lim, _, , T;¥ =0, P,-almost surely, and
(i) Py(Ni=1 {X(TF) e UR2, Tz 1—e.
Proof. For any integral valued function f(n), n < f(n) <o, let
T = 0

T,’,"ETugg)nrmA I/nATF,, n=1273,4,....

Since Tyy;,_,r, {0, P,-almost surely as r — oo, then P,(X(7%) e UrY, ') 11 as
f(n) — co. Hence we can choose f(n) so that P,(X(T¥) € U™, T')>1—¢/2" But
then P, (N1 {X(TH e U™, T2 1—e. The fact that T} >0 for each n, P,
almost surely follows from the right continuity of the paths.

COROLLARY. There is a sequence of (M ,)-stopping times {S,} satisfying (i) and (ii).

Proof. This follows immediately from Propositions 9.2 and 2.8.1.
Let 7, and =, be a pair of instantaneously equivalent locally smooth Hunt
processes. Then we have the following result.

THEOREM 9.1. The pair (my, m,) is free of local singularities except possibly at the
stopping time (.

Proof. Let us assume the contrary; in particular let 4, be a (7, m3, x,) local
singularity at a stopping time T with T<{, P2 -almost surely on 4,. Then by the
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corollary to Proposition 8.2.1, P2 ({X(lim,-, » T,) € E} N (N 2=1 {X(T,) € K&,.}))>0
for some >0 and some increasing sequence of stopping times {7}, where the
K2, n=1,2,3,..., are compact subsets of the sets K3,,. Since =, is locally smooth,
there is a point y € FE such that for each N=1,2,3,...,

PiTyg yitym = 0) = 1.

Note that y is a fine boundary point of each of the sets K2,,. We proceed to show
that y € (N);> o, K? which contradicts the assumption that the processes are instan-
taneously equivalent (Proposition 7.2).

Since N2-; K%)= 2 wecanassume without loss of generality that y ¢ \Z-1 KZm.
Let {S,} be a sequence of (/;)-stopping times constructed as in the corollary to
Proposition 9.2 such that for some integral-valued function f(n),

o f(n)y o
Ay U Rym) 2 1-
n= m=n

for some < b. Then

JLCO A
b5, [ U K g/m] e€Ms, .5,  (Proposition 2.6.1),

f(n)y L
P3[oz( U &sa)] =0
and
ftn) .
Pf(os-,g( U Kg,,")) > b
m=n

If B= N2 ULk 051 (UL, KE),,) then P(B)=0and P2(B)Z b— e. Furthermore,
Proposition 9.1 implies that Be #5=.#%. Hence ye (\;»o K?, yielding a
contradiction and the proof is complete.

COROLLARY. If (m,, ;) are a pair of locally smooth and instantaneously equivalent
continuous Hunt processes, then m, and m, are equivalent in finite time.

Proof. This follows immediately from Theorem 8.7.1(i) and Theorem 9.1.
ReMARK 9.1. In view of Proposition 9.3 the equivalence class (for equivalence
in finite time) of a locally smooth continuous Hunt process is described by the

mapping

©.1) ®: E— I’y where Ty is the Stone space of #,, and
’ O(x)={4:AeMH, P(A) = 0}.

It would be interesting if one could formulate some reasonable set of sufficient
conditions in order that a mapping of the form (9.1) be associated with a con-
tinuous locally smooth Hunt process. If we call a continuous locally smooth Hunt
process whose germ field probabilities are described by (9.1) a solution to the
correspondence (9.1), then this is the problem of finding sufficient conditions for
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the existence of a solution. Since it is shown in Example 1 of §3 that ® uniquely
determines and is uniquely determined by the diffusive term of the infinitesimal
generator (or stochastic differential equation) for a one-dimensional diffusion one
might think of (9.1) as a generalized stochastic differential equation.

We next formulate a necessary condition for (9.1) to have a solution. Let 4,
i=1,2,3,..., be sets of #, such that for every xe E, P,(4;)=1. Then if
{ri 1 i=1,2,3,...} is any countable dense subset of [0, ) for some £>0, let
A= 0514, and A=UJ2-, M:r=1m 4i. Then Ae M, and a necessary condition
for the existence of a solution to (9.1) is that for every x € E, P,(A)=1.

In general such a solution, if it exists, is not unique. In fact E. B. Dynkin [7]
and P. Courrege [4] have systematically studied the construction of processes which
are equivalent in finite time by means of multiplicative functionals. Another
interesting problem is to formulate side conditions which would pick out a unique
solution to (9.1). In the case of stochastic differential equations for uninterrupted
diffusions on the real line (cf. §3, Example 1) this is done by prescribing the drift
term of the stochastic differential equation, that is, the limit:

ltigx E.((X(t)—x)/t) = a(x).

10. Characterization of locally smooth processes. In §9 it was shown that
equivalence in finite time is equivalent to instantaneous equivalence for the class of
continuous locally smooth Hunt processes. It turns out that the definition of local
smoothness is intimately connected with certain concepts in probabilistic potential
theory. In this section we discuss these connections. We begin by reviewing a few
ideas from probabilistic potential theory. The reader is referred to G. A. Hunt
[10], E. B. Dynkin [7] or R. K. Getoor [8] for more details. In this section
7=(Q, Zo, (Px)xces> (Xt)icr0, »1) is @ Hunt process which is considered as a strong
Markov process with respect to the o-fields (j{i‘),em,w].

If < E,, then x is irregular for I' if there exists a Borel set IV > I" such that
P.(Tr.>0)=1. If x is not irregular for I', then it is said to be regular for I". Let 'Y
denote the set of regular points of I'. A set I is open in the fine topology if each
x € I' is irregular for I'C. A set ' E, is said to be nearly analytic if for each u
there are analytic sets I'; and T’y such that I''<T'<T'; and P,(X,e I';—T; for
some 1= 0)=0. A set I'is thin if it is contained in a nearly analytic set I"" which has
no regular points. A set is semipolar if it can be covered by a countable union of
thin sets. Note that if I € & then it can be shown that I'—I'" is semipolar. A set "
is polar if it is contained in a nearly analytic set I such that P,(T <o0)=0 for
each x € £. Note that every polar set is semipolar.

A nonnegative function f on E, with f(A)=0 which is measurable with respect
to the o-field of universally measurable sets is said to be excessive if P,f< f for each
t20 and P,f— f as t— 0 pointwise. In particular the constant functions are
excessive for any Hunt process having a Feller semigroup.
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ProrosiTION 10.1. (i) If f is excessive, the function t ~ f(X,) is right continuous
and finite for all tz s if f(X,) is finite, P,~almost surely for each x € E.

(ii) For each x € E, f(X,) is a P,-supermartingale.

(iii) An excessive function is continuous in the fine topology.

Proof. Refer to E. B. Dynkin [7].

An excessive function f is regular if t ~> f(X,) is continuous whenever ¢ ~ X; is
continuous, P,-almost surely for each x € E. A function fis said to be a harmonic
function if both fand —f are excessive.

PROPOSITION 10.2. If there exists an excessive function f which is not regular, then
the Markov process is not locally smooth.

Proof. For >0, let T¢=inf{t : | f(X;)—f~(X))|>e, X;=X;"}, where
Xy = lsi?gf(Xs)-

(Recall that f(X,) is free of oscillatory discontinuities, P, -almost surely for each
Xxo € E (P. A. Meyer [13, Chapter 6, T 3]).) If fis a nonregular excessive function,
then for some & >0 and x, € E, P, (T* <00)>0. But then for some positive
integer k,

P (| f(X1eo) —f ~(X7e0)| > &0, keo/4 S f(Xrpeo) < (k+1)eo/4) > 0.
Let
Aey = {|f(X1e0) —f ~(Xpeo)| > &0, keo/4 = f(Xrpe0) < (k+1)eo/4}.

Let {T,} be an increasing sequence of stopping times such that T, <T %o for all n
and lim,_, , T,=T"%o, both P, -almost surely on 4,,, and let

I'={x: f(x) ¢ [(k—1)eo/4, (k+2)eo/4]}
and
IV = {x : f(x) € [keo/4, (k+ 1)eo/4]}.

Then IV ={x : P (Tr=0)=0} because of the fine continuity of f. Since P, (4.,)>0,
there is a positive integer N such that P, ((w=y X(T,) € T', X(T) € I')>0. Hence
the process is not locally smooth.

REMARK 10.1. It can also be proved that if there is a semipolar set which is not
polar, then the process is not locally smooth. However we omit the proof.

Let I'< F and let f be an excessive function. If Rf =inf {u : u excessive, u>fon I'},
then R} is called the réduite of f on I'. We make the following assumptions con-
cerning the réduite.

AssuMpTIoN B. (i) There is a unique excessive function, R, which differs from
R on a semipolar set. R is called the balayage of fon T.

(i) If y ¢ T is irregular for T', then there is a neighborhood N, of y such that
RI™(y)<1.

(iii) The set {y : ye I, R} #1} is semipolar.
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REMARK 10.2. M. Brelot [2] has shown that Assumption B is valid if the har-
monic functions satisfy a certain set of axioms. In particular these axioms are
satisfied if the infinitesimal generator is an elliptic differential operator with
smooth coefficients. In the general probabilistic context, the balayage and réduite
are discussed in the forthcoming book of R. M. Blumenthal and R. K. Getoor [3].

THEOREM 10.1. If Assumption B is satisfied and

(10.1) every semipolar set is polar, and

(10.2) every finite excessive function is regular, then the Markov process is locally
smooth.

Proof. Let us show that if = is not locally smooth and (10.1) is satisfied, then
(10.2) is not satisfied. If = is not locally smooth then there is a sequence of stopping
times {T,}, a stopping time T, a sequence {I',;} of &,-measurable sets and a point
x € E such that:

(i) T,<T for all n and lim,_, ,, T,=T, both P,-almost surely on {T'<{}, and

(ii) for some positive integer N,

P, (@) e T XD i) > 0,

where Cy={y: y€E, P,(Tx,=0)=0} and Ky=Up-yTh, N=1, 2, 3,.... As
noted above (Cy N Ky) is semipolar and hence by (10.1) is polar. If y € Cy—Ky,
then y is an irregular point for Ky. Assumption B implies that there is a neighbor-
hood A; of y (A, is assumed to belong to a countable base for the open sets of E,
say {A;}) for which R¥~"%(y)<1. In other words

yeZy={y: Rfv*M(y) < 1} N A,

But then Cy—Ky<|J2, 3, where the union runs over the countable base {A;}.
Let X,={y : REn"M(p)<1} N A,. Since R{v"%=R{nv A except on a semipolar
and hence by (10.1) a polar set, there is some i, such that

Px( () (XT) e T, X(TD) efl,o) > 0.

However REv "y, is excessive and {y : R~ "%5(y) <1, y € Ky N A, } is a polar set.
Therefore since X;= X7, P,-almost surely on {T<{} (cf. Proposition 2.9.1),
R o8 (X(2)) is discontinuous at T, P,-almost surely on the set (2= y {X(T,) € T},
X(T) eiio) which has positive P,-probability. But then (10.2) is not satisfied and
the proof is complete.

RemArk 10.3. A discussion of (10.1) and (10.2) and their interrelation is given
in G. A. Hunt [10] and R. K. Getoor [8].

J. L. Doob [6] has shown that the harmonic functions and excessive functions of
the Wiener process in a Euclidean space are the harmonic and superharmonic
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functions, respectively, of classical potential theory. However the classical super-
harmonic and harmonic functions are such that Assumption B as well as (10.1)
and (10.2) are satisfied (refer to M. Brelot [1] and E. B. Dynkin [7]). Hence the
Wiener process is locally smooth.
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